Comparisons between experimental grain distributions and simulations are extremely important in materials science. In this letter, we present a detailed comparison of multiple statistical grain metrics for experimental results of thin film samples of aluminum (Al) and copper (Cu) with simulations obtained from the Phase-Field-Crystal (PFC) and Mullins models. For all these results, "universality" is observed with respect to the dynamics and initial conditions. This comparison reveals that PFC reproduces geometric metrics such as area and perimeter, but does not capture grain shape and topology as accurately. Similarly, the Mullins model captures the number of sides distribution quite well but not other metrics. This highlights the need to compare all available geometric measurements when comparing experiments and simulations of grain structure.
I. INTRODUCTION
Grain boundaries in polycrystalline materials are of paramount importance to various fields of science and engineering. As surrogates for difficult experimental investigations, models have been developed to simulate grain growth and the evolution of the grain boundary network, including the mesoscale continuum model of grain growth due to Mullins [1] . The Phase-Field-Crystal (PFC) [2, 3] models, a family of atomic to mesoscale models, have been proposed and used more recently. A natural question is to what extent are such models capable of reproducing the morphology and dynamics of grain growth and the associated microstructural metrics such as grain size distribution in real materials. This question is difficult to answer, but as observed in experiments [4, 5] , there at least appears to be some sort of universality to grain size distribution for different materials both in thin film form and in bulk form, allowing the benchmarking of simulation models.
As an example, Fig. 1 shows representative configurations of the grain boundary networks from experiments first presented in [4] and PFC and Mullins simulations. Although the grains produced by the Mullins model appear visually more similar to experiments than PFC, a definite statement cannot be made in the absence of a quantitative comparison. On the other hand, PFC has been shown in [6] to provide a good description of the grain size distribution, where the measure of "grain size" used was the relative or the reduced diameter. The present work extends this comparison to several other grain size and shape metrics derived from late time PFC and Mullins models. This letter demonstrates that for many though not all grain statistics, late time PFC gives better agreement with experiments than the Mullins model. However, the PFC model produces grain boundaries that meander far more than what is seen in experiments; its predictions related to grain shapes and topology therefore have lower accuracy. We present such a characterization of grain shape through a metric that we call the convex hull ratio. We remark that extracting geometric statistics from raw simulated data (as in the case of PFC runs) involves choices and errors. This work benefits from the atom-based grain extraction procedure developed in [7] , which forms a self-contained extraction procedure whose accuracy has been tested against manual grain segmentations and the variational approach in [8] .
II. EXPERIMENTS AND SIMULATIONS
We describe the origin of the three sources of data and the measurement of statistical grain measures or metrics. In all cases, the grains are represented on a finite domain so those lying on the boundary may be cut off. Such grains have been excluded from this analysis.
A. Experimental data
Experimental grain distributions have been obtained from imaging data in [4] . In short, several Cu and Al thin films were prepared by sputter deposition then annealed between 150 to 600
• C. The samples were then imaged via transmission electron microscopy using different viewing angles to characterize grain boundaries. These were traced manually as automated grain identification had proven to be unsuccessful on account of the complex contrast of transmission electron micrographs. From these tracings, several geometric measures of the grain structure were obtained and presented in [4] .
To extend the analysis to some new grain metrics, a subset of the original experimental data was selected and processed again. The scanned images were processed by identifying the grains as pixel masks separated by boundaries then the various metrics were measured using simple image analysis routines. The analyzed subset consists of 86 images, all for Al, totaling roughly 3700 grains. The original set of more than 35000 original grains was extracted and reported in [4] . A comparison of the measured grain area shows that the smaller subset behaves similarly as the full dataset and that there is no significant difference between Cu and Al. It is then expected that the new convex hull ratio also represent the full dataset.
We also note that the experimental grain size data of the more than 35000 grains included data from samples that had been annealed at a single time at a given temperature, as well as data from samples that had been examined as a function of time and showed that the structures were stagnant and did not evolve with time. Nevertheless, the grain size distribution for all the samples was found to be similar, allowing the conclusion of a "universal" experimental grain size distribution.
B. PFC data
The basic PFC model [2] can be written as the partial differential equation
for some parameter β and such that the average u = m remains fixed. In 2d and in an appropriate regime of the parameters (m, β), the model simulates the evolution of atoms as they arrange into a patchwork of hexagonal lattices with different orientations. This evolution was simulated using the scheme of [9] and large-scale long-time grain statistics were extracted using the approach formulated in [7] . As shown there and in [8] , this procedure is reliable and agrees with manual grain segmentation and measurement. Details can be found in the appendix. In addition to grain area, perimeter, isoperimetric ratio (circularity) and the number of sides described in [7] , we utilize an additional metric that we call the convex hull ratio:
where A, H are respectively the area of the grain and of its convex hull. A value close to 0 means the grain is almost convex while values far from 0 indicate that the grain is concave and "meandering". This metric is similar to the isoperimetric ratio in that it captures how far from a regular convex shape a grain is, but differs from it since it ignores grain elongation or equiaxedness. Such grain measures are useful in characterizing the shape of grains, the statistics of which had not been documented for large collections of grains before. The convex hull ratio is straightforward to measure with pixel masks. In the case of PFC images, the convex hull of a grain was computed by adding the area of the convex hull of its atoms, a computation similar to those described in [7] . This agreed with projecting the grain onto a grid and computing the convex hull from the pixel mask.
C. Mullins data
The mesoscale, continuum model of grain growth proposed by Mullins [1] describes the motion of grain boundaries as multiphase mean curvature flows, along with the Herring condition of force balance [10] at triple junctions. There are various algorithms for simulating this flow. We used threshold dynamics [11] , a level set type algorithm that is particularly efficient due to its unconditional stability, allowing simulations with hundreds of thousands of grains in both two and three dimensions [12] . Versions of this algorithm exist for very general (including normal dependent) surface tensions and mobilities. For the simulations reported in this paper, we took all surface tensions and mobilities to be isotropic and equal, resulting in symmetric dihedral angles of 120
• at triple junctions, and carried out the simulations in 2D in order to compare with PFC and the thin film experiments. Periodic boundary conditions were used on a square shaped computational domain. The grain structure was also extracted using pixel masks.
III. COMPARISON AND DISCUSSION
In the following plots, Early and Late PFC refer to the simulation steps when the domain of size ≈ 7429 2 contained roughly 2200 and 135 grains respectively. Note that the timescale of PFC may be scaled by any arbitrary factor so the number of grains is a better indicator of progression than time. The total grain distributions contained 3678, 81343, 4937, and 11910 data points for the experimental, Early PFC, Late PFC and Mullins distributions respectively. We note that the PFC evolution slows down significantly, even in exponentially spaced time intervals and a universal distribution with respect to initial conditions and physical and simulation parameters emerges. The appendix presents numerical support that this behavior is independent of the numerical domain and of PFC parameters within the hexagonal regime.
Reduced area and reduced equivalent circle diameter: Given an area A for a grain, the reduced area distribution is given by the set A/ A where A denotes the average area. A derived metric, the equivalent circle diameter D, corresponds to the diameter of the circle with area A. In Figs. 2(a) and (b) , we see that both the area and the diameter distributions clearly show that the Mullins model behaves quite differently from experimental grains and PFC. The main feature, as noted in [4, 6] , is the presence of a population of small grains (the region in the distribution termed "ear") and a population of very large grains (the region termed the "tail"). The experimental distributions lie in between the Early and Late PFC distributions and there is an intermediate time at which the distributions match. Another point is that the reduced equivalent diameter distributions are lognormal in the PFC and experimental cases, but much closer to normal for Mullins, highlighting a drastically different behavior. The reduced equivalent diameter distributions were fit to a lognormal distribution and the fit parameters are reproduced in Table I . The conclusion here is similar: PFC moves towards the experimental data. We emphasize that the fit parameters for PFC have moved slightly past the experimental data. Reduced perimeter and isoperimetric Ratio: As with area, Fig. 3(a) shows excellent agreement between the experimental and PFC results for the reduced perimeter distribution. A quantity derived from area and perimeter is the isoperimetric ratio, also called the circularity. This quantity measures how close a grain is to a circle and thus how round or compact it is. This is similar to other equiaxial metrics such as the aspect ratio. Fig. 3(b) shows that both experimental distributions and PFC have a broad range of circularities while Mullins presents a much more peaked distribution. Convex Hull Ratio: Fig. 4 shows the convex hull ratio, equal to 0 for convex grains and positive for concave and meandering grain boundaries. The comparison shows that the experimental distribution is quite far from both PFC and Mullins yet shares a similar shape to PFC. Mullins on the other hand is very sharply peaked and away from 0, so most of its grains have slightly curved boundaries. The main difference here is that PFC produces grains with meandering boundaries while experimental and Mullins grains presents roughly polygonal grains but with slightly curved boundaries. However, the distribution of curvatures is much broader in experiments than in the Mullins model. A slight caveat for PFC is that this metric has not stabilized as much as the others but it seems unlikely that the distribution would eventually reach the experimental one. Number of sides distribution: The number of sides of a grain, called its side class, is defined as its number of neighbors. In contrast to the other results, Fig. 5(a) shows that the number of sides distribution of the experimental distribution is closer to Mullins than to PFC, which exhibits a number of grains with very few or many neighbors. Nevertheless, it appears that both the experimental distributions and PFC peak at 5 neighbors rather than 6.
Several other metrics combining geometry and topology can be computed. Fig 5(b) shows the average number of sides of the nearest neighbors for a given side class, which shows that grains with few sides have neighbors with many neighbors and vice-versa. The average reduced area for a given side class is presented in Fig. 5(c) , showing that grains with many neighbors occupy a larger fraction of the domain than those with few neighbors. In other words, large grains have many neighbors. Lastly, the area fraction of grains with a given side class is shown in Fig. 5(d) . This metric is quite similar to the number of sides distribution and clearly shows that experimental data is closer to Mullins while PFC is stationary away from the other two. Overall, these three different metrics of grain structure show that there are important discrepancies in comparing PFC to experimental data from a topological point of view. 
IV. CONCLUSION
Using a verified method for the extraction of grains from PFC simulations, we compared important geometric metrics of the grain distributions of experimental structures with the PFC and Mullins models. We also introduced the convex hull ratio which is another marker for grain shape.
We found that the PFC model is quite good at predicting the purely geometric metrics of grain. In particular, the grain size distributions of late time PFC agree well with those obtained from experimental data of annealed Al films as highlighted in [6] . Moreover, this comparison is much better than that between experimental data and the Mullins simulations. However, as suggested by visual comparisons (cf . Fig 1) , those metrics related to grain shape and topology are much less accurately captured by PFC. Indeed, our comparison via the convex hull ratio suggests that a significant deficiency of the PFC model is its propensity to form meandering grains, which does not appear to resolve in time. On the other hand, while the Mullins model accurately resolves the number of sides distribution, it fails to capture most other measures.
These findings emphasize the need to use comprehensive sets of microstructural measurements when comparing experimental grain structures with simulations. From a different outlook, the results here offer a benchmark to test or improve the more complex PFC models in order to better reflect grain growth morphology. and the grid resolution (c). All distributions are similar so the PFC evolution gives rise to robust statistics that are not very sensitive to simulation details.
